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Abstract

Combinatorial markets where bids can be submit-
ted on bundles of items can be economically de-
sirable coordination mechanisms in multiagent sys-
tems where the items exhibit complementarity and
substitutability. There has been a surge of recent
research on winner determination in combinatorial
auctions. In this paper we study a wider range
of combinatorial market designs: auctions, reverse
auctions, and exchanges, with one or multiple units
of each item, with and without free disposal. We
first theoretically characterize the complexity. The
most interesting results are that reverse auctions
with free disposal can be approximated, and in all
of the cases without free disposal, even finding a
feasible solution isV"P-complete. We then ran ex-
periments on known benchmarks as well as ones
which we introduced, to study the complexity of
the market variants in practice. Cases with free dis-
posal tended to be easier than ones without. On
many distributions, reverse auctions with free dis-
posal were easier than auctions with free disposal—
as the approximability would suggest—but inter-
estingly, on one of the most realistic distributions
they were harder. Single-unit exchanges were easy,
but multi-unit exchanges were extremely hard.
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combinatorial auctions with free dispog&andholm, 2000;
Sandholm and Suri, 2000; Leyton-Browet al., 2000b;
Gonen and Lehmann, 20p@®ther generalizations have also
been discussed, but their complexity has not been analyzed
theoretically or experimentalljfSandholm, 2000; Sandholm
and Suri, 200D

In this paper we study the complexity of the main other
variants of combinatorial markets. We study auctions, reverse
auctions, and exchanges. In each settings we study the single-
unit as well as the multi-unit case. We analyze each of these
variations with and without free disposalThis leads t# x
2 x 2 = 12 important settings, of which onBhave received
significant attention so far.

We first define the different market types, and analyze the
complexity of winner determination and approximation theo-
retically. We then compare the types experimentally. Finally,
we discuss shadow prices in auctions and exchanges.

2 Classes of Combinatorial Markets

In this section we introduce different combinatorial market
types, and discuss the complexity of winner determination
from a theoretical perspective.

2.1 Single-Unit Auctions

The most basic combinatorial auction, and the type that has
received most of the attention in previous wdBandholm,
1999; Fujishimaet al., 1999; Sandholm and Suri, 2000 a
single-unit combinatorial auction with free disposal.

Definition 1 The auctioneer has a set of item3/ =
.,m}, to sell, and the buyers submit a set of bids,
.,Bp}. Abidis atupleB; = (S;,p;),

in multiagent systems even when the agents’ valuations fowhereS; C M is a set of items ang; > 0 is a price. The

bundles of items are not additive. Some items can be compld}inary combinatorial auction winner determination problem
mentary, and others can be substitutes.

(BCAWDP) s to label the bids as winning or losing so as to

While combinatorial markets have major economic ad-maximize the auctioneer’s revenue under the constraint that

vantages, they can be computationally complex to cleagach item can be allocated to at most one bidder:

There has been a recent surge of interest in developing

combinatorial clearing algorithmERothkopf et al., 1998;
Sandholm, 1999; Fujishimat al, 1999; Lehmanret al.,
1999; Sandholm and Suri, 2000; Anderssetnal., 2000;

Hoos and Boutilier, 2000; Sandholet al., 2001; Sandholm
and Suri, 2001; de Vries and Vohra, 200However, the

Y owp<1,i=12,...,m
Jjli€S;

T; € {0, 1}
lWe use a strong version of te free disposatase. If there is

n
max Z pjr; S.L
j=1

bulk of this work has focused on single-unit combinatorial"© free disposal, the sellers have to sell everything and the buyers

auctions with free disposal, with some work on multi-unit

cannot accept anything extra beyond what they bid on. In the future,

we plan to also study the case where disposal is neither free nor

*This work was funded by, and conducted at, CombineNet, Inc.jmpossible, but rather between these two ends of the spectrum. For
311 S. Craig St., Pittsburgh, PA 15213.

example, disposal could have a predetermined cost.



If there is no free disposal (auctioneer is not willing to keep1 foralli € {1,2,...,m}). a
any of the items, and bidders are not willing to take extra
items), an equality is used in place of the inequality. Again, finding a feasible solution is trivial: even any bid

By now it is well known that (the decision version of) alone would constitute a feasible solution.

BCAWDP with free disposal (even with integer prices) is2 3  Reverse Auctions
NP-complete[Rothkopfet al, 1999. It cannot even be
approximated to a ratio ofi! ¢ in polytime (unlessP =
ZPP)—as shown ifSandholm, 199Busing the inapprox-
imability of maximum cliqgugHastad, 199P However, find-
ing a feasible solution is trivial: even any bid alone would
constitute a feasible solution.

In many market scenarios, for example in procurement, there
is a buyer who wants to obtain some goods at the lowest pos-
sible cost, and a set of sellers who can provide the goods.
The buyer can hold @everse auctiorto try to obtain the
goods. Again, if there is complementarity or substitutabil-
ity between the goods, eombinatorialreverse auction can
2.2 Multi-Unit Auctions be beneficial. Each seller submits “asks” that say how_much
S ‘the seller asks for each bundle of goods she can provide. A
When there are multiple indistinguishable goods for sale, iingle-unit combinatorial reverse auction is a special case of a

is usually desirable (from a bid compactness and winner demulti-unit combinatorial reverse auction, so we only present
termination complexity perspective) to represent these goodse |atter formally.

as muItlp_Ieumts pf a single item, rat_her tha}n as multiple Definition 3 The auctioneer (buyer) has a set of items,
items. Different items can have multiple units each, where N : .

. , AT . : M = {1,2,...,m} that she wishes to obtain. She
units of one item are indistinguishable but units of different

. L ; . . specifies how many units of each item she warits: =
items are distinguishable. This representation allows a bldsul’u%_._’um}mi c B The sellers submit a set of

der to place a single bid requesting the amount of each ite’ésks,/l = (4, 4s,...,A)}. Anask is a tupled; —

that he wants, instead of placing separate bids on the poten:

1 2 . k H H
tially enormous number of combinations that would amount\(Ajs A7+ - A7), pj), wheredj > 0 is the number of units

to those numbers of units of those items. An auction thag.f item & ()lffere_ci by ”t‘f ask. IThe ask pricezis > 0. TZe
allows this type of bidding is called multi-unit combinato- _ inary multi-unit combinatorial reverse auction winner deter-

rial auction. They have been used, for example, in é¢e- ~ Mination problem (BMUCRAWDP]s to label the asks as
diator ecommerce server prototypSandholm, 2000 and ~ WiNNing or losing so as to minimize the auctioneer’s cost un-
recent research has studied winner determination in this coffier the constraint that the auctioneer receives all of the units
text [Sandholm and Suri, 2000; Leyton-Browhal, 2000b;  ©f items that she is asking:

Gonen and Lehmann, 20D0Multi-unit auctions have many n noo.

potential real-world applications including bandwidth alloca- min Z pjz; St Z/\}wj >u, t=1,2,...,m

tion and electric power markets. The winner determination j=1 j=1

problem for multi-unit auctions follows. z; € {0,1}

Definition 2 The auctioneer has a set of item3/ = Ifthere is no free disposal (sellers are not willing to keep any
{1,2,...,m}, to sell. The auctioneer has some number ofunits of their winning asks, and the buyer is not willing to take
units of each item availableU = {ui,u2,...,unm},u; €  extra units), an equality is used in place of the inequality.

+ i idx — .
J. The buyers submit a set of bidd= {By, By, . .., Bn}. Proposition 2.2 With free disposal, (the decision version of)

Abid is a tupleB; = (A}, \2,..., A7), p;), whereAb >0 . . : ,
is the number of units éf it]erh thatj the bid requeéts, and Ell\éllﬁ&'ﬁfﬁﬁig\e@:ﬁﬂ?Eloelgesbe‘cgn'r};p?nfénglf'ligésagi d
pj > 0is the price. Théinary multi-unit combinatorial auc- integer units ) gerp

tion winner determination problem (BMUCAWDH to la- o ' .
bel the bids as winning or losing so as to maximize the aucPROOF. The decision version of BMUCRAWDP (even in the
tioneer’s revenue under the constraint that each unit of anmulti-unit case) is in\"P because the solution can easily be

item can be allocated to at most one bidder: checked in polynomial time. To prove the theorem, we then
n n only need to show that the single-unit case\i®-hard. We
i . observe that the single-unit case is exactly the same problem
i T .t Ty < Uiy L= .
fax 2; pjzj st Z_; Ajgg Supp i=1,2,...,m as WEIGHTED SETCOVERING? Since WEIGHTED SET
= = COVERING isN'P-complete, the single-unit combinatorial
zj € {0,1} reverse auction i8/P-complete as well. |

If there is no free disposal (auctioneer is not willing to keep

any unis, and bicdersar no wiling o ke exa unis),any, ST SSNON. e 1 smoleunt combinatre aucton,
equality is used in place of the inequality. 9

be approximated!

Proposition 2.1 Consider BMUCAWDP with free disposal. proposition 2.3 In the single-unit case with free disposal,
The decision problem ig/P-complete. The optimization BMUCRAWDP (with integer units and prices) is approx-
problem cannot be approximated to a ratid— in polyno-  jmable in polynomial time within & + logm’ factor of op-

mial time unlessP = ZPP. Both claims hold even with timum, wheren' is the largest number of items that any one
integer prices and integer units. bid contains.

PROOF Immediate from the\V’P-completeness and inap- “Note that this is a different problem than WEIGHTED SET
proximability of BCAWDP since that is a special casg & PACKING, which is analogous to BCAWDP with free disposal.



ProoF The following greedy algorithm is known to pro- Proposition 2.4 Consider BMUCEWDP with free disposal
duce an1 +logn')-approximation for the WEIGHTED SET (in the single- or multi-unit case). The decision problem is

COVERING problen{Hochbaum, 1997 N'P-complete. The optimization problem cannot be approxi-
The input for the algorithm is the set of ask§ = mated to a ratian! —€ in polynomial time unles$ = ZPP.

{Ay, As,..., A, } and the set of item3/ = {1,2,...,m}. Both claims hold even with integer prices and integer units.

PrROOE Immediate from the\"P-completeness and inap-

Algorithm 2.1 proximability of BCAWDP since that is a special case. O

If some item is included in no ask, return INFEASIBLE.

C 0 2.5 Lack of Free Disposal

cost < 0 Free disposal refers to the property that each party prefers

(possibly not strictly) more to less. In other words, for each

While' 7 M do item, there is at least one party in the market who can dispose

- . ;
J7 e miljjcus;£C 155 of any number of units of that item for free. Each winner
cost < cost + pj determination problem discussed so far can be changed to re-
C < CUS; flect the case where items do not exhibit free disposal by sim-

Return cost ply changing the inequalities in the integer programming for-

mulations to equalities. Despite the apparent similarities in
= the integer programming formulations for markets with and
without free disposal, the problems are actually quite differ-
With free disposal, finding a feasible solution (if one exists)ent.
is even more trivial. For example, one can simply accept all |n general, an auction cannot be formulated as a reverse
the bids. If this solution is not feasible, then no other solutiongyction (e.g., by simply changing signs) with the expectation

is either. that the solution for the reverse auction will be the same as
for the auction. This is because in the reverse auction we
2.4 Exchanges are looking for lower priced bids, while in the auction we are

In markets with many buyers and many sellers, exchanges al@oking for higher priced bids. The winning bid sets differ

a natural choice for a market mechanism. lcombinatorial ~ €ven if prices were negated. In the case of no free disposal
exchangdSandholm, 2000; Sandholm and Suri, 2D08e (even without negating prices), the set of feasible solutions in
trades that the market determines to occur can involve muf@n auction is the same set as in a reverse auction, but the set
tiple buyers and multiple sellers each. Unlike auctions an@f OPtimal solutions is generally different. As we will show
reverse auctions, there is no auctioneer in a combinatorial eX? the experiments, the time required to solve auctions and
change. Rather the participants in the exchange are allowed f§Verse auctions without free disposal can be very different.
both buy and sell items, or just buy or just sell. Both auctions V& now characterize the complexity of the winner deter-
and reverse auctions are special cases of exchanges. Aldgination problem without free disposal.

the single-unit exchange is a special case of the multi-uniTheorem 2.5 Consider the winner determination problem in
exchange (where each demaxfde {—1,0,1}) so we only  a combinatorial auction (single-unit or multi-unit), combina-
present the multi-unit exchange formally. torial reverse auction (single-unit or multi-unit), or a com-
Definition 4 The administrator of an exchange determinesg!n‘"‘to”‘fi‘I excha?gg_ (smgll?-un_lélor mLIJItt|_-unj|‘tg7.)V\ﬁth0Lft tfree
which items will be available in the exchangd/ =  C/oPOS&, €ven finding a feasible solutionAs”-compiete
{1,2,...,m}. Only these items may be included in the(even with integer prices and integer units).

bids and asks in the exchange. A bidn this setting is PROOF Clearly these problems are P because feasibil-
B; = ((A}, A?, AT, D), WhereAf € R is the requested ity can easily be checked in polynomial time. So, the beef is
number of units of iterh, andp; € ®'is the price. A positive to prove that they ard/P-hard. We do this by showing that
¥ represents buying and a negative means selling. A pos-  the following special case is alreadyP-hard. Let every bid
itive p; represents bidding while a negatiye means asking. have exactly three items, and price 1. Let the number of items
Thebinary multi-unit combinatorial exchange winner deter-be @ multiple of 3. Now, if we had a polynomial time algo-
mination problem (BMUCEWDPs to label the bids as win-  fithm to find a feasible solution for this problem, we could
ning or losing so as to maximize surplus under the constraint/se that algorithm directly to solve the EXACT COVER BY

that demand does not exceed Supp'y: 3-SETS problel’YiGarey and Johnson, 19]?9Vh|ch iSNP'
complete. a
n n )
max Y pz; Sty Na; <0 i=12,....m Now, let us go through an example to see how likely it is
j=1 i=1 that a randomly chosen problem instance is feasible. Con-

sider an auction (or a reverse auction) where each bid is ran-
domly assigned items without replacement (and no dupli-
cate bids are allowed). Modulo pricing, there F8 possi-

ble bids. Thus there ar@(g)) problem instances. Now let
3We will often simply refer to “bids” rather than “bids” and us compute the number of feasible instances. In a feasible
“asks” when the distinction between the two is unnecessary. solution, each item is allocated to one bid. Consider a set of

If there is no free disposal (buyers are not willing to take extra
units, and sellers are not willing to keep any units of their
winning bids), an equality is used in place of the inequality.



winning bids, in some particular order. The first bid’s first instances.

item could be any ofn items, the second item could be any i ) . ]

one of the remaining: — 1, etc. The first bid’s lastitem could  3-1 ~ Single-Unit Auctions and Reverse Auctions

be any one ofn — o + 1. The second bid’s first item could be We used the following common benchmark distributions for
any one of the remaining: — o, etc. So, together there are single-unit auctiongSandholm, 1990

m/! feasible instances. (Note that this is independent afd e« Random: For each bid, pick the number of items ran-
0.) So, the fraction of instances that are feasibbal$((g)). domly from 1,2, ...,m. Randomly choose that many
items without replacement. Pick the price randomly

Corollary 2.1 Without free disposal, the winner determina- from 0.1
tion problem in a combinatorial auction (single-unit or multi- O_ [0,1]. . _
unit), combinatorial reverse auction (single-unit or multi- e Weighted random: As above, but pick the price be-

unit), or a combinatorial exchange (single-unit or multi- tween 0 and the number of items in the bid.

unit) cannot even be approximated in polynomial time (unless o yUniform: Draw the same number of randomly chosen
P = N'P), even with integer prices and integer units. items for each bid. Pick the prices frdt 1].

PrRoOOF Immediate from Theorem 2.5 | e Decay: Give the bid one random item. Then repeatedly

add a new random item with probabilitdyuntil an item
In the rest of the paper we present experiments to see how is not added or the bid includes afl items. Pick the
hard these variants of the winner determination problem are  price between 0 and the number of items in the bid. In

in practice. the tests we used = .75 since the graphs ilBandholm,
1999 show that this setting leads to the hardest (at least
3 Experiments for their algorithm) instances on average.

We designed the experiments so that each one would help il- Previously these distributions have only been used for
lustrate the computational differences between a feature of a¢ingle-unit auctions with free disposal. We use these distri-
auction or exchange. We compared auctions and reverse aueutions to benchmark reverse auctions as well. When using
tions to see whether the fundamental difference in approximahe uniform distribution with no free disposal, we show ex-
bility shows up in practice. We compared free disposal anderiments where the bid size is a factor of the total number of
no free disposal. We also showed the hardness of exchangd&ms—otherwise there is no feasible solution.

In our experiments, the units are integers, but the prices are It is clear from Figure 1 that there is a complexity differ-
reals. ence between auctions with and without free disposal. In

All of the tests were run on a Pentium Ill 933 MHz pro- fact, CPLEX takes two orders of magnitude longer to solve

cessor, with 512 MB RAM. The test machine was runningno free disposal auctions and reverse auctions orrahe
Linux 2.2. The algorithm that was used to solve the prob-dom distribution. Although the difference is less dramatic
lems was CPLEX 7.0, a general-purpose mixed integer proon theweighted randomdistribution, it is still present. On
gramming package. CPLEX has recently been used to benchoth random and weighted random reverse auction with
mark winner determination in the context of combinatorialfree disposal rarely require search, and if they do, only a
auctiondAnderssoret al, 2004. Itis basically an A* search few nodes. Auctions with free disposal require search a bit
algorithm that uses, at every node, a linear programming (LPore often, and use a somewhat larger number of nodes when
relaxation of the remaining subproblem to construct a heurissearch does occur. In free disposal settings, auctions and
tic upper bound. If the LP happens to return an integer sot€verse auctions lead to search almost every time, and the
lution, that is the optimal solution to that subproblem, sosearch trees are large.
the subtree rooted at that node need not be searched. Quite
frequently this occurs already at the root, in which case no Random (#bidsiéiems = 10) Weighied random (sbidsitems = 10)
search is conductd@andholmret al., 2001. R
In all of our experiments, for any given parameter setting, 1w
it took CPLEX significantly longer to find an optimal solution
than it took to prove infeasibility. In the cases with free dis-
posal, the problem was never infeasible (infeasibility could ..l / = g
only happen if in a reverse auction there are not enough units ) sids sids
of some item in all of the bids combined). In the cases without *"o w0 ww w0 iz 20 ars %0
free disposal, the constraints are all equalities, and CPLEX igigure 1: Run times on theandom andweighted random
quite effective at using them algebraically to reduce searchdistributions.
On distributions where CPLEX tended to find an integer so-
lution with LP directly (and search was therefore not needed), Another interesting thing to note is that auctions without
CPLEX also was able to prove infeasibility without search.free disposal almost consistently take longer to solve than re-
On the other hand, on distributions where CPLEX conductedrerse auctions without free disposal for these two distribu-
search to find an optimal solution, it tended to also requirdions. The easiest market type to solve was the reverse auc-
search to prove infeasibility. To keep the times comparabletion with free disposal. This is not surprising in light of its
in all of the experiments, we only report execution times forapproximability.
feasible instances. In Figure 2 we again see the clear difference in execution
We ran experiments on several benchmark distributionstime with and without free disposal. What is surprising here
All of the values reported in the graphs are means over 5@ that in thedecaydistribution, reverse auctions take much

everse w/o fd Standard w/ fd
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Reverse, wio fd
Standard, wi fd

Time (s)

" Reverse w/ fd Reverse, w fd
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. . . . . 0.16 0.35
posal. This is the exact opposite of what we saw in Figure .| aesewor oo
1 and what we see on thmiform distribution. That shows a2 oo
that the theoretical approximability does not always translatez °'F———-.. g
to shorter solution times when going for an optimal solution. & o E
:'2: Reverse w/ 13 02: Reverse w/ fd
Decay (f#bids/#items = 10, a = 0.75) Uniform: 500 bids, 45 items 0 0
10 1000 0.85 09 0.95 0.85 0.9 0.95
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o) & 10 . Standard w/ fd Multi-Unit Decay-Decay 1000 bids, 100 items (a,=.8) ~ 160
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Figure 2:Run times on thdecayanduniform distributions. 02 2
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On theuniform distribution, for auctions and reverse auc- _. ] :
tions with no free disposal, there are no instances represent&gUré 3: Run times odecay-decayfor a; € {4,.6,.8},
for bid size 15. That is because all of those instances Wer@nd ONCATS multipaths.
infeasible.

. . . . Without free disposal (and in reverse auctions even with
3.2 Multi-Unit Auctions and Reverse Auctions free disposal), the ipnstan((:es frdATS multipaths were al-
We ran multi-unit auction experiments on two distributions. most all infeasible. On auctions with free disposal, Figure 3
We used the same distributions for reverse auctions (by negashows that CPLEX's execution time grows rapidly with the
ing the prices of the bids)—a setting on which we have nohumber of bids. We observed that with as few as 2,000 bids,
seen any benchmark results before. the main memory of our test machine could get exhausted, re-

o Decay-decay:First assign the number of units for each Sulting in very poor performance due to paging. Clearly there
item i: let itemi have 1 unit. Repeatedly add another IS Foom for improvementin scalability on this distribution.

unit with probabilityag. Then, give the bid one random . S
item. Then repeatedly add a new random item (withou8-3 ~ Single- and Multi-Unit Exchanges

repetition) with probabilitya; . Finally, for each item we have not seen any benchmarks on exchanges before.
i in the bid, give that item quantity 1, then repeatedly Therefore, we introduce a new benchmark distribution which
add 1 to the quantity with probability,. If the quan- s similar to thedecay-decaydistribution for multi-unit auc-

tity is greater than;, then set the quantity equal tg. tions.

The price is computed by taking a random number be-
tween and) and1 and multiplying by the total number
of units in the bid. (A slightly different form of this dis-
tribution appeared iflLeyton-Brownet al,, 20004.) We
usedag = .99, and variedy; andas.

e Exchange decay-decay:For each bid, assign it one
item. Repeatedly add an additional item with probabil-
ity a1. For each itemi in the bid, assign one initial unit
and repeatedly add an additional unit of that item with
probability ao. With probability.5, negate the quantity

o CATS multipaths: This distribution models what might of the item to indicate selling the item. The price is a
happen in an auction such as network bandwidth alloca-  random number betwedhand1, multiplied by the net
tion [Leyton-Brownet al, 20004. As far as we know number of units in the bid (which is negative as often
there have not been any performance results published a5 it is positive). This distribution yields a single-unit
for this distribution. exchange Whea2 =0.

In each of the thredecay-decaygraphs below we see that  rjgre 4 (left) shows that free disposal makes almost no
reverse auctions with free disposal are routinely solved thejitterence in single-unit exchanges (for any valuegf. The

fastest. Reverse auctions without free disposal are the slovganhy on the right shows that CPLEX scales quite well (when
est. In auctions, free disposal is only slightly faster than ng, _ ).

free disposal. Before we ran these experiments we thought1 '

that auctions and reverse auctions without free disposal would ,
have the same characteristics because their integer program- Single it exchange, 500 bids, 50 fers sol  Singeuniterchange decaydecay 4y =05 2
ming formulations are so similar. We conjecture that a spe- v A 18

Free Disposal

Time (s)
Time (s)

0.1 Free Disposal

No Free Disposal

No Free Disposal

cialized algorithm could mitigate the difference between the o
two. In any case, all of these instances were easy. For exam- 1
ple ata; = .6, an = .9, the LP solver of CPLEX returned in- o
teger solutions up front (and therefore, no search was needed)oo 04
on 74% of the reverse auctions with free disposal, on 52% of @ ”
the auctions with free disposal, on 50% of the auctions with-  °* 4 o8 o8 = w0 B0 1000
out free disposal, and on 22% of the reverse auctions withoutigure 4:Run times on thexchange decay-decagfistribu-
free disposal. tion with single-unit items.



However, CPLEX scales extremely poorly on multi-unit

Fujishimaet al, 1999; Sandholm and Suri, 2000; Gonen and

exchanges. Even with just 10 items and 100 bids, it takekehmann, 2000; Sandholet al, 200]. A host of such
a long time. As the number of bids increases further, théheuristics could be devised. The main idea is that a bid is less

run time increases extremely rapidly. CPLEX quickly be-
comes unusable for the harder cases, specifically where

valuable if it uses a large number of items with high shadow
prices, or if its price is far less than the sum of the shadow

as = .8. Figure 5 shows that the complexity increases drasprices of the bid’s items. As an example, search could always

tically in botha; andas, i.e., when each bid specifies sup-

ply and demand on a large number of items and units. BotRranch on the bid with the highest value

with and without free disposal, the run time increasaser-
exponentiallyn those parameters. Parameigris especially

critical, as shown by the run time difference between Figure

5 Left and Figure 5 Right.

Multi-unit exchange decay-decay (a;=.4)

Multi-unit exchange decay-decay (a;=.8)
100 bids, 10 items

100 bids, 10 items

No Free Disposal

No Free Disposal

Time (s)

a2

a2

0.001

0.4 0.6 0.8 0.4 0.6 08

Figure 5:Run times on thexchange decay-decagfistribu-
tion with multi-unit items.

pff_zz'es]— yi .
fog(2ics, ¥9)

This, and certain other bid ordering heuristics, were recently
experimentally shown to have good average case speed in
ingle-unit combinatorial auctioiSandholet al, 2001.

As we now show, unfortunately combinator@atchanges
don't generally have meaningful shadow prices—leading to
the need to construct other types of heuristics. Consider the
LP formulations for exchanges with free disposal:

)

LP
max Z pP;iT;
j=1

> N <0, i€ {1.m}
j\iES]-
0<z; <1

DUAL
min Z Oxy; =0
i=1

=
> yiAi >y, j € {1.n}
1€S;

yi ER

Figure 6 shows how run time increases with the number of

bids (fora; = as = .6). Again, CPLEX scales very poorly,
both with and without free disposal.

1000

Multi-unit exchange decay-decay a; = a, = 0.6

100 No Free Disposal

L

" .~"Free Disposal

Time (s)

1

01 | A"

0.01

Bids

75 150 225 300

Figure 6: Run time on theexchange decay-decaglistribu-
tion.

4 Shadow Prices
Consider the LP relaxation of a combinatorial auction:

LP
max Z piT;
j=1

> Nap <1, i€ {1.m}
jlies;
0<z; <1

DUAL
min Z Yi
i=1

> yi>pj, je{tn}
1€S;
yi ER

The valuey; can be thought of as the “price” of item
which is an upper bound on how much that item will actu-
ally contribute to revenue. Thesbadow pricegan be very

useful. For example, they can be used to give bidders roug
% Conclusions

guotes during an open-cry (e.g., ascending) auction. They c
also be used in bid ordering heuristics during search. Bid o

Since the right hand sides of the inequalities in the LP are
all zeroes, the objective value of the DUAL problem will al-
ways be zero. The shadow prices can often be increased with-
out bound without compromising optimality of the DUAL.
For example, consider a simple exchange instance:

M ={1,2} Items
B; = ({1,-1},5) Bidl
By, = ({-1,1},-3) Bid2
The LP and DUAL problems are:

LP DUAL
max 5r; — 3x2 min Oy; + Oys
z1 —x2 <0 Y1 > 95
—r1+x2 <0 Y2 > —3
0<m,m2 <1 yi €N

Now, y; andy» can be increased without bound, invalidat-
ing any information these “shadow prices” could provide.

Without shadow prices, different bid ordering heuristics are
needed. One possible choice is to branch on the bid that has
the highestr; value in the LP (alway® < z; < 1). The
idea is that the more of the bid that is accepted in the LP,
the more likely it is to be competitive. We are encouraged
by the fact that we have seen experimentally that this type of
heuristic works well in practice for single-unit combinatorial
auctiondSandholnet al, 2001. We plan to explore variants
of it to tackle the drastic complexity (as uncovered by our
ﬁxperiments) that combinatorial exchanges encompass.

dering can have a major impact on speed (mainly due to bettéle showed how different features of a combinatorial market

pruning if good solutions are found earlj§andholm, 1999;

affect the complexity of determining the winners. We studied



auctions, reverse auction, and exchanges, with one or multi-
ple units of each item, with and without free disposal. We
analyzed the complexity and approximability of winner de-
termination theoretically. The most interesting results were

rapid, approximately efficient combinatorial auctions. In

Proceedings of the ACM Conference on Electronic Com-
merce (ACM-EQ)pages 96-102, Denver, CO, November
1999.

that reverse auctions with free disposal can be apprOXimateﬂ:eyton-Brownet al, 20004 Kevin Leyton-Brown, Mark
while in all of the cases with free disposal, even finding @ pearson, and Yoav Shoham. Towards a universal test suite

feasible solution isVP-complete.
We then studied the practical clearing time experimentally

for combinatorial auction algorithms. IRroceedings of
the ACM Conference on Electronic Commerce (ACM-EC)

using a general-purpose mixed integer program solver on a pages 66-76, Minneapolis, MN, 2000.

variety of known benchmarks as well as ones which we in-
troduced. As expected, cases with free disposal tended to

easier than ones without. On many distributions, reverse auc- rennenholtz, and Yoav Shoham.

tions with free disposal were easier than auctions with free
disposal—as the approximability result would suggest—but
interestingly, on one of the most realistic distributions they

hkeyton-Brownet al, 20008 Kevin Leyton-Brown, Moshe

An algorithm for
multi-unit combinatorial auctions. IfProceedings of
the National Conference on Atrtificial Intelligence (AAAI)
Austin, TX, August 2000.

were harder. Single-unit exchanges were easy, but multi-unfRothkopfet al, 1999 Michael H Rothkopf, Aleksandar
exchanges were extremely hard. This suggests that faster, Pekes, and Ronald M Harstad. Computationally man-

more specialized, algorithms are called for to scale winner
determination to exchanges in practice. Finally, we discussed

ageable combinatorial auctionsManagement Science
44(8):1131-1147,1998.

the uses of shadow prices in auctions and showed that Meafsandholm and Suri, 2000Tuomas Sandholm and Subhash

ingful shadow prices do not generally exist in exchanges—
leading to the need to devise other types of (bid ordering)
heuristics.
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